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Abstrat
We show that the semilassial approximation to the Wheeler-DeWitt equation for the minisuper-
spae of a minimally oupled salar eld in the spatially at de Sitter Universe prompts the existene
of an initial power-law evolution driven by non-adiabati terms from the gravitational wavefuntion
whih at like radiation. This simple model hene desribes the onset of ination from a previous
radiation-like expansion during whih the osmologial onstant is already present but subleading.
1 Introdution
The inationary paradigm is a basi ingredient of the standard model of osmology whih is well-known
for solving several problems of the old big bang theory [1℄. Many dierent mehanisms have been proposed
to desribe both the onset of suh a phase and how it ends, most of whih rely on the existene of an
inaton (salar) eld. The stress tensor of the latter plays the role of an eetive osmologial onstant
and drives the aelerated expansion of the universe through the Einstein equations, but its nature
 whether fundamental or eetive  is not learly understood yet. It is therefore worth onsidering
alternative mehanisms to realise suh a senario.
We shall here address this problem by employing the Born-Oppenheimer approah in the semilassial
approximation [2℄ for the Wheeler-DeWitt equation [3℄ in the minisuperspae of the osmi sale fator a
and one mode of a minimally oupled salar eld φ, the latter representing matter and not the inaton.
Our approah losely follows that of Refs. [2, 4℄ and leads to two equations governing, respetively, the
gravitational wavefuntion ψ = ψ(a) and the matter quantum state χ = χ(φ). It was already shown
in Ref. [5℄ that quantum gravitational utuations beome negligible for large a (late times) and, if
a osmologial onstant Λ is present, the de Sitter evolution (that is, eternal ination) is reovered.
The opposite regime of small a (early times) was investigated in Ref. [6℄, in whih we showed that
quantum gravitational utuations are again negligible and matter states χ beome asymptotially free
on approahing the limit of the semilassial regime.
Although the onsisteny of suh a matter behaviour with all the approximations employed was
heked a posteriori , possible orretions to the evolution of a were not onsidered in Ref. [6℄. In the
following, we shall therefore analyse in details the equation governing a for asymptotially free matter
states and show that the terms oming from the WKB approximation for the gravitational wavefuntion
ψ, whih would vanish in the adiabati approximation, atually dominate the evolution of the sale
fator at very early times (like the ases treated in Ref. [7℄). In partiular, we shall uniquely identify
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one onsistent oupled dynamis for matter and gravity in whih a evolves like in a radiation-dominated
universe, although no radiation is atually present. In this senario, the onset of ination ours at the
end of the semilassial regime without the need of a dynamial inaton eld.
In Setion 2, we briey review the general formalism of Ref. [5℄ and the relevant results from Ref. [6℄.
The equation for gravity will then be analysed in the very early regime in Setion 3 and the equation for
matter in Setion 4, where we uniquely identify the radiation-like behaviour for a. We nally omment
and ompare with previous results in Setion 5.
We use units with ~ = c = 1.
2 Minisuperspae semilassial osmology
TheWheeler-DeWitt equation in the minisuperspae of one mode of wavenumber k of a minimally oupled
salar eld φ = φ(τ) and the sale fator a = a(τ), an be written as
Hˆ Ψ(a, φ) =
(
HˆG + Hˆφ
)
Ψ(a, φ) = 0 , (2.1)
where HG and Hφ are the Hamiltonians for a and φ respetively [2, 4, 5℄. From the Born-Oppenheimer
deomposition of the universe wavefuntion,
Ψ(a, φ) = ψ(a)χ(φ; a) , (2.2)
after several manipulations and redenitions, one obtains an equation for the gravitational part (see
Eq. (14b) of Ref. [5℄ with tildes omitted for simpliity),(
ℓ2p
2 a
∂2a +
a3 Λ
6 ℓ2p
+ 〈Hˆφ〉
)
ψ = − ℓ
2
p
2 a
〈χk |∂2a|χk〉ψ , (2.3)
where Λ is the osmologial onstant, and one for the matter part (see Eq. (14a) of Ref. [5℄),[
ℓ2p
a
∂aψ
ψ
∂a +
(
Hˆφ − 〈Hˆφ〉
)]
|χk〉 = −
ℓ2p
2 a
(
∂2a − 〈χk |∂2a|χk〉
) |χk〉 , (2.4)
with
Hφ =
1
2
(
π2φ
a3
+ a k2 φ2
)
. (2.5)
It is important to remark that no approximation was invoked this far and Eqs. (2.3) and (2.4) are therefore
equivalent to Eq. (2.1).
From now on, we require that a behaves like a (semi)lassial quantity by assuming the validity of
the WKB approximation for the gravitational wavefuntion,
ψ ≃ 1√
Pa
e−i
R
a Pa(x) dx , (2.6)
where
Pa = −ℓ−2p a a˙ (2.7)
is the lassial momentum assoiated to a. Again, after some manipulations and redenitions, this yields
the approximate matter equation (see Eq. (18) of Ref. [5℄)[
1− 3 i ℓ
2
p
2 a3H
(
1 +
2 H˙
3H2
)](
i ∂τ − Hˆφ
)
|χs〉 ≃
ℓ2p
2 a3H ∆Oˆ |χs〉 , (2.8)
2
where H ≡ a˙/a ≡ ∂τa/a is the Hubble parameter and the osmi time τ is introdued by means of the
semilassial (WKB) relation [2℄
ℓ2p (∂a logψ) ∂a ≃ i a ∂τ . (2.9)
Note that the matter state appears in Eqs. (2.3) and (2.8) in dierent representations, namely
|χs〉 = exp
(
−i
∫ τ
〈Hˆφ〉dt
)
|χk〉 , (2.10)
but the expetation value of the matter Hamiltonian is the same for both,
〈Hˆφ〉 ≡ 〈χk |Hˆφ|χk〉 = 〈χs |Hˆφ|χs〉 . (2.11)
The terms in the right hand sides of Eqs. (2.3) and (2.8) represent quantum gravitational utuations
generated by the presene of matter. In partiular,
Oˆ =
2 i
H 〈Hˆφ〉 ∂τ +
1
H ∂
2
τ + 3 i
(
1 +
2 H˙
3H2
)
Hˆφ (2.12)
and ∆Oˆ ≡ Oˆ − 〈χs |Oˆ|χs〉.
In Ref. [6℄, we onsidered the above equations for the partiular ase of the spatially at de Sitter
universe,
adS = α e
H0 τ , (2.13)
where H = H0 =
√
Λ/3 and α are onstants. We were then able to show that the quantum gravitational
utuations in the matter equation (2.8) determined by the operator (2.12) beome negligible and the
salar eld appears asymptotially free at very early times, when adS ∼ k ℓp (whih was named regime I
in Ref. [5℄). In fat, for
y =
ℓ2p
2H a3 ≫ 1 . (2.14)
it is possible to write the salar eld wavefuntion as
|χs〉 ∼ |χasy〉 =
√
N exp
(
−i
∫
3 ℓ2p κ
2
2 a3
dt
)
|κ〉 , (2.15)
where |κ〉 are orthogonal eigenstates of the salar eld momentum,
πˆ√
3 ℓp
|κ〉 = κ |κ〉 , (2.16)
and N a normalization fator. The orresponding matter energy (after subtrating the usual zero-point
ontribution) is given by
〈χasy |Hˆφ|χasy〉 =
3 ℓ2p κ
2
2 a3
≃ k
a
〈n〉 , (2.17)
where 〈n〉 is the mean oupation number (in terms of the usual partile interpretation) for the mode
k, whih was estimated to be very lose to zero [6℄. The ompatibility of these matter states with the
de Sitter evolution was heked by showing that their energy (2.17) remains subleading with respet to
the osmologial onstant Λ and the orresponding quantum gravitational utuations also vanish in the
semilassial Friedmann equation (2.3).
The oupled dynamis of this matter-gravity system in the asymptoti regime was not fully exploited
in Ref. [6℄ and we shall here omplete its analysis.
3
3 The equation for gravity at very early times
We now want to study Eq. (2.3) for the gravitational degree of freedom in the very early universe, bak
to the limit of validity of the semilassial approximation, that is for
a ∼ a0 ≡ a(τ0) = k ℓp , (3.1)
without assuming a spei time dependene for a = a(τ) 1.
The expetation values in Eq. (2.3) are taken on the asymptoti matter states given in Eq. (2.15).
From Eq. (2.10), we therefore nd the asymptoti behaviour
|χk〉 ≃
√
N |κ〉 =
√
N
√
3 ℓp
2 π
ei
√
3κ ℓp φ
(3.2)
whih is learly independent from a and leads to asymptotially vanishing gravitational perturbations,
〈χk |∂2a|χk〉 ≃ 0 . (3.3)
In the asymptoti regime y ≫ 1 (see Eq. (2.14)) and a ∼ k ℓp, the gravitational equation hene simplies
to (
ℓ2p
2 a
∂2a +
a3Λ
6 ℓ2p
+ 〈Hˆφ〉
)
ψ ≃ 0 . (3.4)
On substituting the WKB (semilassial) form (2.6) for the wavefuntion ψ = ψ(a), one now gets the
following evolution equation for the sale fator
ℓ2p
2 a
[
3
4 a2
+
a¨
2 a a˙2
+
5 a¨2
4 a˙4
−
...
a
2 a˙3
− a
2 a˙2
ℓ4p
]
+ 〈Hˆφ〉+ Λ a
3
6 ℓ2p
≃ 0 , (3.5)
where 〈Hˆφ〉 is given in Eq. (2.17). The next step is to transform it into an equation for the Hubble
parameter H = H(τ),
H6 − 2
(
ℓ4p
a6
+ k
ℓ2p
a4
〈n〉+ Λ
6
)
H4 + ℓ
4
p
4 a6
(
2HH¨ − 6H2 H˙ − 5 H˙2
)
≃ 0 . (3.6)
It is worth noting that one an reover the de Sitter solution from the above equation for very large
a. In fat, if we make the ansatz H˙ = 0, Eq. (3.6) beomes
H2 = 2
(
ℓ4p
a6
+ k
ℓ2p
a4
〈n〉+ Λ
6
)
, (3.7)
and the limit a ≫ ℓp yields the standard relation H2 = Λ/3. The seond braket in Eq. (3.6) therefore
ontains terms that qualify as non-adiabati, sine they would be negleted in the adiabati approximation
for the osmi sale fator, that is for |H¨| ≪ |H˙|3/2 ≪ H3 [7℄.
Turning again our attention to Eq. (3.6), we reall that in Ref. [6℄ we found that 〈n〉 ≃ 0. We then see
that the ondition (2.14) makes the last two terms multiplying H4 asymptotially negligible with respet
to the rst one,
ℓ6p
a6
∼ 1
k6
≫ 〈n〉
k3
+
1
6
ℓ2p Λ ∼ ℓ2pH20 . (3.8)
1
In Ref. [6℄, the asymptoti regime was taken at τ = τasy → −∞, whereas in the present work we resale the onstant α
in Eq. (2.13) so that τasy → τ0 > 0. This hoie will appear neessary to ensure that the sale fator grows for inreasing
time (see Eqs. (3.13) and (3.14)).
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Further, the rst term in Eq. (3.6), whih would dominate for large a, an also be negleted asymptotially
(with respet to the seond one). In fat, again on using Eq. (2.14), we obtain
a6H6 ∼ k6H60 ℓ6p ≪ H40 ℓ4p . (3.9)
Finally, Eq. (3.6) in the asymptoti regime an be approximated as
2
2HH¨ − 6H2 H˙ − 5 H˙2 − 8H4 ≃ 0 . (3.10)
This equation (like the omplete Eq. (3.6)) does not admit a onstant solution for H. A solution an
instead be found in the form of a power-law,
H = γ τβ . (3.11)
where γ and β are onstants. Substituting into Eq. (3.10), we nd β = −1 and a quarti equation for
γ. Two of its four solutions oinide with γ = 0, that is H = 0, whih we disard, sine it annot be
mathed smoothly with the de Sitter evolution, and we are left with the solutions
H1/4 = 1
4
τ−1 and H1/2 = 1
2
τ−1 , (3.12)
whih yield the following forms for the sale fator
a1/4 = a0
(
τ
τ0
)1/4
, (3.13)
and
a1/2 = a0
(
τ
τ0
)1/2
. (3.14)
These expressions are, of ourse, understood to apply in the asymptoti regime only, that is for τ ≃ τ0,
with a0 = k ℓp. By mathing adS(τ0) ≃ a0 and 3
H1/4(τ0) ≃ H1/2(τ0) ≃ τ−10 ≃ H0 , (3.15)
one then nds α ∼ a0. Moreover, at the time τ = τ0, the requirements (3.8) and (3.9) both redue to the
same UV ut-o
k3 ≪ 1H0 ℓp , (3.16)
whih is just the dening ondition (2.14) for a = a0.
It is important at this point to make sure that the above solutions (3.13) and (3.14) are ompatible with
all the approximations employed. In partiular, we know that the leading order WKB approximation (2.6)
is reliable if (see, for example, Ref. [14℄)∣∣∣∣dPada
∣∣∣∣≪ P 2a . (3.17)
2
Similar equations arise in models ontaining both loal quadrati orretions and (in ontrast to Refs. [8, 9, 10℄) the
onformal anomaly terms. Their solutions near the osmologial singularity were studied in Ref. [11℄, while solutions with
a bounded urvature and quasi-de Sitter behaviour were found in Ref. [12℄.
3
Had we assumed τ0 < 0, the Hubble parameters (3.12) would be negative and this mathing impossible. The solu-
tions (3.13) and (3.14) for τ0 < 0 might however represent the ollapse before a boune [7℄ of the form onsidered, for
example, in pre-Big Bang osmology [13℄. In this ontext, the ase H = 0 ould also be aepted and the asymptoti regime
interpreted as the boune itself.
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Upon substituting a = a1/2, one nds that the orresponding momentum,
Pa = −ℓ−2p a20H0 , (3.18)
is onstant and the ondition (3.17) is thus trivially satised. However, for a = a1/4,
Pa = − a
4
0H0
ℓ2p a1/4
(3.19)
and the ondition (3.17) beomes
y1/4 ≪ 1 , (3.20)
in lear violation of Eq. (2.14). This already asts serious doubts about the validity of the solution (3.13),
but we shall further show its inonsisteny in the next Setion.
Let us end this Setion by noting that the solution a1/2 oinides with the evolution of a lassial
universe lled with radiation, although the matter ontribution was shown to be negligible and the
radiation-like behaviour is of pure gravitational origin. Finally, the lassial analogue to the solution a1/4
would be a perfet uid with equation of state parameter equal to 5/3.
4 Reonsidering the matter equation
The results presented in the previous Setion assume the asymptoti matter states obtained in Ref. [6℄
for the de Sitter evolution, but lead to dierent expressions for the sale fator. It is therefore neessary
to hek that the new solutions (3.13) and (3.14) are onsistent with the hosen matter states.
4.1 Solution a ∝ τ 1/4
For the solution (3.13), one an easily see that
y1/4 ≃
ℓ2p a1/4
2 a40H0
, (4.1)
whih dereases for dereasing a, ontrary to what happens in de Sitter, and there is no proper regime I.
For a1/4 ≃ a0, the right hand side of the matter equation (2.8) still vanishes on the asymptoti states (2.15)
and the left hand side redues to(
i ∂τ − Hˆφ
)
|χs〉 ≃
[
i ∂y −
(
2
ℓ2p
πˆ2 + k2
a160 y
4
8 τ40 ℓ
10
p
φˆ2
)]
|χs〉 ≃ 0 . (4.2)
The kineti term now dominates when y is small (as also required by the WKB approximation, see
Eq. (3.20)), rather than large, and the asymptoti matter states found in Ref. [6℄ seem to remain valid
solutions. However, the ondition y1/4 ≪ 1 estimated at the asymptoti time τ = τ0 gives
k≫ (2H0 ℓp)−1/3 , (4.3)
whih violates the ondition (3.16). Sine this implies that the onditions (3.8) and (3.9) are also violated,
this ase annot be aepted as a valid desription of the oupled dynamis.
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4.2 Solution a ∝ τ 1/2
For the solution (3.14), one analogously nds that
y1/2 ≃
ℓ2p
2 a20H0 a1/2
, (4.4)
whih inreases for dereasing a, like in de Sitter. It then follows that, ontrary to the previous ase, in
the regime y1/2 ≫ 1 (equivalent to Eq. (3.16) for τ = τ0) the approximations required for the validity
of Eq. (3.10) now hold. At the same time, sine ∆Oˆ|χasy〉 ≃ 0, the states (2.15) remain asymptoti
solutions to Eq. (2.8). Let us also note that the mode k lies inside the Hubble radius at the asymptoti
time τ0 if
a
k
H ∼ H0 ℓp ≪ 1 . (4.5)
If this ondition is also satised, the UV uto on k implied by Eq. (3.16) is large and the range of allowed
momenta sizable.
We an then onlude that only the solution a1/2 in Eq. (3.14) an be aepted and is ompatible
with the asymptoti matter states obtained in Ref. [6℄. Of ourse, all the dislaimers disussed in that
paper about the existene of regime I and the ondition (3.16) still apply. It is in partiular possible that
the universe was born with an initial sale fator a≫ a0 and the asymptoti regime we have found never
ourred [15℄.
5 Summary and onlusions
We have investigated the expansion of the sale fator in the very early universe, around the onset of
ination, by studying the gravitational equation obtained from the Born-Oppenheimer redution of the
Wheeler-DeWitt equation for one mode of a minimally oupled salar eld in the de Sitter spae-time. We
have found that quantum gravitational utuations due to the presene of matter asymptotially vanish
going bakward in time toward the limit of appliability of the semilassial approximation, both in
the equation for gravity and that for matter. The gravitational equation an then be solved and there
emerges a phase during whih the osmologial onstant and the salar eld energy are negligible with
respet to purely gravitational terms: in a sense, gravity seems to determine its own (initial) evolution.
In partiular, we have uniquely obtained a spontaneous power-law evolution for the sale fator
whih reprodues the usual behaviour of a radiation-lled universe. We wish to remark one more that,
similarly to the orretions near the FRW singularities studied in Ref. [7℄, this radiation-like evolution
is driven by terms in the WKB form of the gravitational wavefuntion and is thus essentially due to the
initial non-lassiality of the spae-time. Ination starts at a later stage, when the universe beomes
purely lassial, and is driven by a pre-existing osmologial onstant whih was ineetive during the
semilassial phase. It is also interesting that a similar behaviour near the singularity is known to be
generi for the Einstein gravity with loal quadrati orretions [8, 9℄ and was also analysed long ago in
Ref. [10℄ and more reently, for example, in Refs. [16, 17℄.
Let us onlude by mentioning that our equations also suggest a dierent senario in whih the
asymptoti regime orresponds to a boune of the osmi sale fator (that is H = 0 or H < 0) of the
form employed in pre-Big Bang osmology [13℄. This possibility was however not onsidered in details
here, sine it requires that the universe went through an intermediate stage prior to the de Sitter expansion
for whih we have no analytial desription.
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